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Abstract
The three-body Casimir-Polder potential between one excited and two ground-state atoms is
evaluated. A physical model based on the dressed field correlations of vacuum fluctuations is used,
generalizing a model previously introduced for three ground-state atoms. Although the three-body
potential with one excited atom is already known in the literature, our model gives new insights
on the nature of non-additive Casimir-Polder forces with one or more excited atoms.
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I. INTRODUCTION
The Casimir-Polder potential is a long-range interaction between neutral atoms or
molecules in the vacuum, arising from their common interaction with the electromagnetic
radiation field [1, 2, 3]. Casimir-Polder forces are also a manifestation of the existence of
vacuum fluctuations [4]. An important property of these forces is that, in the case of three
or more atoms/molecules, they are non-additive [5, 6]. The origin of the non-additive be-
haviour of the Casimir-Polder potential for ground state atoms can be attributed to the
change of the field zero-point energy [7], or to the existence of dressed zero-point field corre-
lations [8] or to dressed field fluctuations around the atoms [9]. Casimir-Polder forces have
also been obtained by semiclassical methods in the framework of stochastic electrodynamics
[10]. Recently, there has been also interest in Casimir-Polder forces when one or more atoms
are in an excited state, where contributions from resonant poles arise [11, 12]. When one
atom is excited, a time-dependent Casimir-Polder potential is in general expected, even if
it may take quite a long time before the potential settles to a stationary value [13]. This
paper deals with the three-body potential during this time in which the excited atom can
be approximately treated as if in a metastable state.
In this paper we introduce a physical model in order to calculate the three-body Casimir-
Polder potential between one excited and two ground-state atoms, and in order to understand
its origin. The method we use is based on the connection between spatial field correlations
and the Casimir-Polder potential [14, 15]. We have already exploited a similar method in
the case of three ground-state atoms [8]. However, when one or more atoms are excited the
situation changes due to the possibility of a resonant atom-field interaction. We shall show
that the model based on dressed field correlations, and the underlying physical interpretation
of many-body Casimir-Polder forces, applies with appropriate changes also to the case of
excited atoms.
We consider a system of three atoms in vacuo, labeled A, B, C, interacting with the
electromagnetic radiation field. We use the multipolar coupling scheme, which is more
appropriate for dealing with this kind of problems, because this coupling scheme includes
electrostatic interactions in the transverse fields [4]. We take atoms A and B to be in their
ground state and C in its excited state. Rather than using conventional perturbation theory
and starting from a three-atom Hamiltonian to obtain the total energy shift as a function
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of the atomic configuration [16], we shall adopt here a completely different approach in
which this shift is related to the interaction between all possible pairs of atoms, correlated
by the vacuum fluctuations which are changed by the presence of the third atom. We first
concentrate on the excited atom C, approximated as a two-level atom; its interaction with
the radiation field is described by the Hamiltonian
H = h¯ω0Sz +
∑
kj
h¯ωka
†
kjakj +
+
∑
kj
(
akje
ik·rC − a†
kje
−ik·rC
) (
ǫkjS+ − ǫ
⋆
kjS−
)
(1)
where ω0 = ck0 is the transition frequency of the atom, rC is its position and Sz, S+ and S−
are the pseudospin atomic operators. The coupling constant ǫkj , in the multipolar coupling
scheme is given by
ǫkj = −i
(
2πh¯ck
V
)1/2
ekj · µ
C (2)
where µC is the transition dipole moment of atom C between the two levels considered and
eˆkj are the polarization unit vectors.
Due to the interaction with the field, the bare excited state |↑ 0kj〉 of atom C, whose
spontaneous decay is assumed to be slow with respect to other relevant processes, becomes
dressed, and the second-order non-normalized dressed excited state is
|↑ 0kj〉D = |↑ 0kj〉+
1
h¯
∑
kj
ǫ⋆
kje
−ik·rC
ω0 − ωk
|↓ kj〉
+
1
h¯2
∑
kjk′j′
ǫ⋆
kjǫk′j′e
−i(k+k′)·rC
(ω0 − ωk)(ωk + ωk′)
|↑ kjk′j′〉 (3)
We now evaluate the average value of the spatial correlation of the Fourier components
of the electric field on the dressed state (3)
D〈↑ 0kj | Eℓ(kj, r)Em(k
′j′, r′) |↑ 0kj〉D = −
(
2π
V
)2
(eˆkj)ℓ (eˆk′j′)m (eˆkj)n (eˆk′j′)p µ
C
nµ
C
p kk
′
×
{
1
k + k′
(
1
k0 − k
+
1
k0 − k′
)
eik·Reik
′·R′ −
1
(k0 − k)(k0 − k′)
eik·Re−ik
′·R′ + c.c.
}
(4)
where R = r− rC and R
′ = r′ − rC . This function is similar to that obtained for a ground-
state atom, except for the presence of the pole at k0. Later we shall use this expression for
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the calculation of the three-body Casimir-Polder potential. After summation of (4) over the
field modes (kj,k′j′) and straightforward algebraic calculations involving polarization sums
and angular integrations, we obtain the spatial correlation function of the electric field
D〈↑ 0kj | Eℓ(r)Em(r
′) |↑ 0kj〉D =
∑
kjk′j′
D〈↑ 0kj | Eℓ(kj, r)Em(k
′j′, r′) |↑ 0kj〉D
= −
1
π2
µCnµ
C
p F
R
ℓnF
R′
mp
1
RR′
∫ ∞
0
dk
∫ ∞
0
dk′
{
1
k0 − k
(
1
k + k′
+
1
k′ − k
)
+
1
k0 − k′
(
1
k + k′
+
1
k − k′
)}
sin kR sin kR′ + c.c. (5)
where we have defined the differential operator acting on R
FRℓn =
(
−δℓn∇
2 +∇ℓ∇n
)R
(6)
We now integrate over k′ the first term inside the curly bracket and over k the second term.
After some algebra, we obtain
D〈↑ 0kj | Eℓ(r)Em(r
′) |↑ 0kj〉D
=
2
π
µCnµ
C
p F
R
ℓnF
R′
mp
1
RR′
(
P
∫ ∞
0
dk
sin k(R + R′)
k − k0
+ 2π sin k0R sin k0R
′
)
(7)
where the last term in (7) stems from the resonance at k0 in the frequency integrations. It
is easy to show that (7) can be expressed in the following form
D〈↑ 0kj | Eℓ(r)Em(r
′) |↑ 0kj〉D =
h¯c
π
FRℓnF
R′
mp
1
RR′
∫ ∞
0
du αCmp(iu)e
−u(R+R′)
+ 2µCnµ
C
p F
R
ℓnF
R′
mp
cos k0(R −R
′)
RR′
(8)
where αCmp(iu) is the dynamical polarizability of atom C in the excited state, extended to
imaginary values of the frequency
αCmp(iu) =
−2k0µ
C
mµ
C
p
h¯c(k20 + u
2)
(9)
Equation (8) shows that the spatial correlation function consists of two terms. The first
term on the RHS is of the same form as in the case of a ground-state atom (with the
appropriate dynamic polarizability, which is that of the ground state rather than (9)), and
includes contributions from all field modes. The second term stems from the resonance at
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k = k0 and oscillates in space with frequency ck0; no such a term is present in the case of a
ground-state atom.
We now proceed to evaluate the three-body force, generalizing the model of [8] to the
present case in which one atom is excited. The physical model discussed in [8] for three
ground-state atoms describes the three-body force as the classical interaction between the
instantaneous dipole moments within all possible pairs of the three atoms; these dipole
moments are induced and correlated by the (correlated) vacuum fluctuations dressed by the
third atom. The connection between the induced dipole moment and the vacuum electric
field is
µi(k) = α(k)Ei(kj, r) (10)
where the atom is supposed isotropic for simplicity, and α(k) is its dynamic electric po-
larizability. In this model the interaction between two dipoles (say A and B) is that of
classical dipoles oscillating at the frequency of the field modes that induce them [8, 17] (see
these references for more details on the model used). This interaction is proportional to the
well-known potential tensor [18]
Viℓ(k,k
′, r = rB − rA)
= −
1
2
(
(δiℓ − rˆirˆℓ) k
2 cos kr
r
− (δiℓ − 3rˆirˆℓ)
(
k sin kr
r2
+
cos kr
r3
)
+ (k ↔ k′)
)
= −
1
2
(
F riℓ
cos kr
r
+ F riℓ
cos k′r
r
)
(11)
In the case of three ground-state atoms, a final simmetrization over the three identical atoms
is performed in order to take in account the symmetric role of the three atoms.
In the case in which one atom (say C) is excited, the permutational symmetry is broken
and the presence in (8) of the extra term (oscillating in space) suggests the appearance of an
additional contribution to the correlation of the dipole moments of the two other atoms (A
and B). Only the resonant field mode with k = k0 is effective for this additional correlation
between the induced dipole moments.
In order to evaluate the interaction potential in the asymmetric case with atom C excited,
we must go back to equation (4), that we can write in the following form, in order to identify
and separate resonant and nonresonant contributions
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D〈↑ 0kj | Eℓ(kj, rA)Em(k
′j′, rB) |↑ 0kj〉D = 〈Eℓ(kj, rA)Em(k
′j′, rB)〉r+〈Eℓ(kj, rA)Em(k
′j′, rB)〉nr
(12)
where
〈Eℓ(kj, rA)Em(k
′j′, rB)〉r =
(
2π
V
)2
(eˆkj)ℓ (eˆk′j′)m (eˆkj)n (eˆk′j′)p µ
C
nµ
C
p kk
′
×
{
1
k + k′
(
1
k − k0
+
1
k0 + k
+
1
k′ − k0
+
1
k′ + k0
)
eik·RACeik
′·RBC
+
(
1
(k − k0)(k′ − k0)
+
1
(k + k0)(k′ + k0)
)
eik·RACe−ik
′·RBC + c.c.
}
(13)
is the resonant part, and
〈Eℓ(kj, rA)Em(k
′j′, rB)〉nr = −
(
2π
V
)2
(eˆkj)ℓ (eˆk′j′)m (eˆkj)n (eˆk′j′)p µ
C
nµ
C
p kk
′
×
{
1
k + k′
(
1
k + k0
+
1
k′ + k0
)
eik·RACeik
′·RBC +
eik·RACe−ik
′·RBC
(k + k0)(k′ + k0)
+ c.c.
}
(14)
is the nonresonant contribution. The nonresonant term (14) is the same as that obtained
when atom C is in the ground state. This term has contributions from all field modes. The
resonant term (13), if summed over (kj,k′j′), ultimately leads to the resonant term in (8):
only modes with frequency ω0 turn out to give a contribution to this term. Coherently with
this consideration, we now assume that: i) the nonresonant contribution generated by the
atom C to the field correlations induces dipole moments with any frequency on atoms A and
B (exactly as for three ground-state atoms); ii) the resonant contribution induces atomic
dipole moments oscillating at frequency ω0 only. On this basis, in the evaluation of the
three-body Casimir-Polder potential we use a potential tensor of the form
V nrℓm(c) = −
1
2
F cℓm
(
cos kc
c
+
cos k′c
c
)
(15)
for the nonresonant field correlations, and the potential tensor
V rℓm(c) = −F
c
ℓm
(
cos k0c
c
)
(16)
for the resonant field correlations, where c =| rB − rA |. The latter term is specific to
the case when atom C is excited and it does not appear when the three atoms are in the
ground-state. Thus the interaction between A and B in their ground states in the presence
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of C excited is
∆EAB =
∑
kjk′j′
αA(k)αB(k
′)〈Eℓ(kj, rA)Em(k
′j′, rB)〉nrV
nr
ℓm(c)
+
∑
kjk′j′
αA(k)αB(k
′)〈Eℓ(kj, rA)Em(k
′j′, rB)〉rV
r
ℓm(c)
= −µCnµ
C
p αA(k0)αB(k0)F
b
ℓnF
a
mp
1
abc
(cos k0(a− b+ c) + cos k0(a− b− c))
+
h¯c
2π
F cℓmF
b
ℓnF
a
mp
1
abc
∫ ∞
0
du αA(iu)αB(iu)αC(iu)
×
(
e−u(a+b+c) +
1
4
(2 + sign(a− c) + sign(b− c)) e−u|a+b−c|
−
1
4
(1− sign(a− c))e−u|a−b−c| −
1
4
(1− sign(b− c))e−u|a−b+c|
)
(17)
Now, following the same arguments used in [8] for ground-state atoms, we partially sym-
metrize (17) over the three atoms. We must symmetrize only the nonresonant part, for
which the role of the three atoms is indeed symmetrical; the resonant part should not be
symmetrized because the contribution of the three atoms to this term is not symmetrical,
only C being in an excited state (for example, the interaction between A and C in the pres-
ence of B does not contain a resonant term because B is in its ground state). Threfeore, the
total three-body potential finally is
∆E3 =
2
3

 ∑
kjk′j′
αA(k)αB(k
′)〈Eℓ(kj, rA)Em(k
′j′, rB)〉nrV
nr
ℓm(c) + (A→ B → C)


+
∑
kjk′j′
αA(k)αB(k
′)〈Eℓ(kj, rA)Em(k
′j′, rB)〉rV
r
ℓm(c) (18)
where (A → B → C) indicates terms obtained from the first double sum by permuting the
atomic indices. Explicit evaluation of (18), using (17), yields
∆E3 = −µ
C
nµ
C
p αA(k0)αB(k0)F
c
ℓmF
b
ℓnF
a
mp
1
abc
(cos k0(a− b+ c) + cos k0(a− b− c))
+
h¯c
π
F cℓmF
b
ℓnF
a
mp
1
abc
∫ ∞
0
du αA(iu)αB(iu)αC(iu)e
−u(a+b+c) (19)
where a =| rB − rC |, b =| rC − rA |, c =| rB − rA |. This expression is the three-atom
generalization of that previously obtained by perturbation theory for the two-atom case
[19]. We have obtained it with a new method, which explicitly displays the role of dressed
vacuum field correlations in the Casimir-Polder forces with excited atoms. Compared to the
case of three ground-state atoms, a resonant contribution is now present, yielding a term
in the potential oscillating in space; this term arises from an additional contribution to the
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dipole correlations of the two ground-state atoms induced by the resonant interaction of the
excited atom with the field.
In conclusion, we have shown that our model of three-body Casimir-Polder forces, based
on dressed field correlations and previously introduced for three ground-state atoms, can
be transparently generalized to the case in which one of the three atoms is excited and its
lifetime is long enough. In this case we must also take into account the possibility of resonant
processes, which give an additional (resonant) contribution to the dipole moments induced
on the atoms and to the interatomic potential. Our method to calculate the Casimir-Polder
potential, in contrast to previous methods [19], stresses the role of the spatial correlations
of dressed vacuum field fluctuations, and yields a new physical interpretation of the non-
additivity of Casimir-Polder forces for excited atoms in a time-independent framework. We
plan to consider in the future the dynamics of the system and the consequent dynamical
three-body Casimir-Polder force, by relaxing the condition we have imposed on the lifetime
of the excited atom.
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